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Studies of the motion of a dilute suspension of 100-micron glass and stainless
steel spheres in water flowing turbulently down a pipe revealed that they could be
trapped in necklace formations that move slowly at a distance of less than one
particle diameter from the wall. The tendency toward trapping increases with particle
density and decreases with flow rate. The phenomenon is interpreted as occurring
when the Saffman lift force toward the wall overcomes the ability of fluid turbulence
to mix the particles. The location of the particles is dictated by a balance between
the Saffman lift force and a wall-induced force associated with the displacement of
fluid as a particle moves parallel to the wall.

Introduction

A recent thesis from this laboratory (Young, 1989) describes
the use of optical techniques to study the motion of solid
spheres in a downward flowing turbulent liquid. During these
experiments it was observed that under certain flow conditions
the particles are trapped close to the wall at a distance of about
one particle diameter. This article describes these experiments
and presents a tentative interpretation. An interesting aspect
is that very dilute suspensions were involved. This means that
the trapping is associated with the fluid hydrodynamics and
is not related to particle-particle interactions or to the influence
of the particles on the fluid turbulence.

Description of the Experiments

The experiments were carried out for the downward flow
of water in a 5.08-cm pipe. One hundred-micron glass or steel
spheres were injected as a slurry at the same velocity as the
water through a tube that had an inside diameter of 0.051 ¢cm.
The concentration of particles in the injector was about 8,200
ppm s0 as to give 1 ppm in the fluid flowing in the pipe.

The glass particles used in the experiments were Class IV,
No. 1217 Uni-Spheres, manufactured by the Cataphote Di-
vision of the Ferro Corporation. They have an index of re-
fraction of 1.51 and a specific gravity of 2.42. The 316 stainless
steel spheres, which have a specific gravity of 8.0, were ob-
tained from Duke Scientific Corporation. Special techniques
that involved sieving and rolling-down, inclined planes were
used to separate out spherical glass particles in the range 90-
-106 micron. The stainless steel particles were quite spherical
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so that only a sieving operation was needed to separate out
the 90-106-micron particles.

Results

Observations of particle necklaces

Particles were injected at the center of the pipe. Far enough
downstream they spread over the whole cross-section. In this
part of the pipe, both the glass and the stainless steel particles
were observed to be trapped near the wall. When this happens,
the particles form necklaces that are aligned in the flow di-
rection and move slowly downstream.

Qualitative observations suggest that the necklace structures
are not caused by particle-particle interactions as are the for-
mations found away from the wall in laminar flows (Segre and
Silberberg, 1962). The necklaces sometimes move very close
to one another without merging. When they are close, particle
spacing in the azimuthal direction can be less than the spacing
in the axial direction. The velocities of individual particles in
a necklace are observed to fluctuate in both the axial and
azimuthal directions, without being influenced by the action
of the particles downstream from them. Thus, the particles do
not move toward or away from the wakes of their downstream
neighbors.

When the injection rate of the particles was increased, the
population of particles within each individual necklace in-
creased. The behavior of the necklaces did not change even
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when the spacing of the particles was no more than 1-2 di-
ameters.

The spacing of these necklaces was determined in an ex-
periment with glass spheres at Re=16,200. The number of
necklaces that simultaneously occur over a S-cm length of pipe
was determined to range from 29 to 32. This gives a spacing
of 0.495 to 0.546 cm for the 5.04-cm pipe. If this spacing is
normalized with the friction velocity u* and the kinematic
viscosity of the fluid », values of 92.9-102.5 are obtained.

This is the same as the spacing of the streaky structures
observed in turbulent flows close to a wall when dye is injected
from a ring source at the wall. It, therefore, appears that the
necklaces result from the same turbulent structures that form
these streaks.

Distance from the wall

An estimate of the distance of the trapped particles from
the wall was obtained by photographing them with a video-
camera positioned perpendicular to the flow direction. The
videotape was examined frame by frame to determine the ve-
locity of individual particles in the flow direction. A summary
of these measurements is given in Table 1, where U, is the
average of the velocities of 50 observed particles, u* is the
friction velocity, and d3 is the diameter of the particle made
dimensionless with the friction velocity and the kinematic vis-
cosity.

The distance of the particle from the wall y» can be calculated
from the measurement of the particle velocity U, since

Up=Ur+ (Up—Uy) 1

where (Up— Uy) is the slip velocity and Ur is a function of
yp. Because of the proximity of the wall, this slip velocity
cannot be set equal to the terminal velocity U;. Brenner (1961)
and Maude (1961) have shown that the force on a sphere
moving parallel to the wall is given by:

Fpn=6C wurp(Up— Ur) 2
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where r, is the particle radius and y, is the distance of the
particle from the wall. The increased resistance associated with
the presence of the wall has the effect of decreasing the free-
fall velocity.

Equation 3 for Cy; is plotted in Figure 1. Goldman et al.
(1967) recently showed that Eq. 3 becomes invalid for very

Table 1. Calculation of the Distance of Trapped Glass Particles
from the Pipe Wall

Up Re u* di =R*/254 Uj Calc. Theory
(cm/s) (cm/s) Eq.4 Eq. 19
yp/dp  yp/dp
1.91+0.21 12,700 1.40 1.52 0.56 0.65 0.52
3.16+0.38 16,200 1.72 1.88 0.46 0.80 0.53
4.25+0.39 18,900 1.97 2.15 0.40 0.87 0.54
5.80+0.57 22,000 2.25 2.46 0.35  0.95 0.54
7.35+0.83 26,100 2.61 2.85 0.30 0.91 0.56
1530
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Figure 1. Correction factor for drag on particles moving
parallel to the wall.

small yp/rp. Their calculated results are shown as the solid
points in Figure 1. The solid curve, which is a composite of
Eq. 3 and the calculations of Goldman et al., was used in this
article to evaluate C,;.

From Egs. ! and 2, the following equation is derived:

Ur
Cll

Us =i + @)

From the measurements of Uz and the results for C;; in Figure
1, the values yp/dp given in Table 1 were calculated. It is noted
that the average distance of the particle center from the wall
increases with Reynolds number. It is of the order of unity.

Dependence on flow rate and particle density

A measure of the influence of liquid flow rate on the tend-
ency of particles to be trapped was obtained by photographing
the cross section of the pipe with a camera that viewed axially
up the pipe. This was done by illuminating a 5-mm length of
pipe located 392 cm from the injector.

Sample photographs for glass particles at Reynolds numbers
of 16,200 and 22,000 are given in Figures 2 and 3, in which a
length of the pipe wall is visible because of effects of per-
spective. Images of particles in the wall can be clearly seen,
and the wall location is defined as the bisector of a line con-
necting the particle and its image. A particle is defined to be
located at the pipe wall when its image is indistinguishable
from its mirror image in the wall. The larger amount of trap-
ping at the lower flow rate is indicated by a larger number of
images at the wall.

Several experiments of this type were carried cut with glass
and stainless steel particles for the conditions in Table 2. The
number of images located both at and away from the wall
were obtained from photographic negatives, by using a Mi-
tutoyo PJ311 profile projector, which is equipped with 10 x
to 50X zoom lens.

Figure 4 gives the results of this analysis as a plot of the
effect of Reynolds number on the ratio of the number of
particles located at the wall to the total number of particles in
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Figure 2. Single image technique of glass particles:
z=392 cm, Re =22,000.

the cross-section. It should be noted that this fraction is only
a measure of the tendency for trapping; it is not the same as
the fraction of the total number of particles that are trapped.
The figure shows that trapping of glass particles occurs for
this system for Reynolds numbers less than about 26,000. At
Re=26,000, the number of glass particles trapped was so small
that necklaces were not observed.

An increase in particle density was found to increase the
amount of trapping. From Figure 4 it is seen that a larger
Reynolds number was required to inhibit trapping for stainless
steel particles than for glass particles.

Figure 3. Single image technique of glass particles:
z=392 cm, Re =16,200.
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Table 2. Characteristics of Particles Used in Studies of Particle

Trapping
Re Re; di =R /254 7t
Glass
pp/p;=2.42 16,200 0.86 1.88 0.54
18,900 0.86 2.15 0.711
22,000 0.86 2.46 0.92
Stainless Steel
pp/0r=8.0 16,200 3.23 1.88 1.2
26,100 3.23 2.85 2.8
72,900 3.60 6.82 17.6

Concentration profiles and average velocities

Measurements of average concentration profiles and of av-
erage particle velocities in the radial direction were made by
analyzing a large number of photographs obtained by axial
viewing photography. Illumination of the pipe cross-section,
both with single pulses and multiples pulses, was used. The
conditions for these runs are in Table 3.

When particle velocities were measured, 1-cm-long cross-
sections were illuminated and the particles in these illuminated
cross-sections were photographed with a camera at the bottom
of the pipe that viewed the flow axially upward. By sequentially
illuminating the cross-section at different locations along the
pipe, multiple images of particles were obtained as they moved
downward. A single photograph would capture about 40 par-
ticle trajectories on average. The analysis of a number of these
photographs gives statistical information about particle ve-
locities, particle distributions, and turbulent diffusion coef-
ficients.

Figures S and 6 give measurements for the glass particles at
a high Reynolds number. Under these conditions, no trapping
was observed. The measured concentration profile is flat and
the average particle velocity in the radial direction is zero,
V=0,

Figures 7 and 8 give concentration profiles and V, for stain-
less steel particles at a low Reynolds number where a large
amount of trapping was observed. The particles trapped at the
wall were not considered in plotting Figure 7, so that there is
actually a large increase in concentration right at the wall that
is not shown. As in Figures 5 and 6, there are large variations
in the measurements, because the size of the sample analyzed
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Figure 4. Trapped fraction for glass and stainless steel
particles.

October 1991 Vol. 37, No. 10 1531



Table 3. Characteristics of Particles Used in Studies Particles
Velocities and Concentrations

Particle Re B Ur Re; Uf Tt
™Y (cm/s)
Glass 70,800 608 0.79 0.86 0.12 7.1
Glass 16,400 604 0.79 0.88 0.46 0.54
Steel 72,900 253 3.19 3.60 0.51 17.6
Steel 15,700 265 3.05 323 1.77 1.2
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Figure 5. Particle number concentration profile for glass
spheres at Re =70,800.

was not large enough. However, unmistakably, the concen-
tration is decreasing in the wall direction, and the Gaussian
profile, shown in Figure 7, is a good fit to the measurements.

These results suggest that there is a net rate of trapping at
the wall and that there is a diffusion of particles to the wall.
This viewpoint is supported by the values of V, in Figure 8.
These may be looked on as a measure of the diffusion flux
given as V»C. If this is represented by an eddy diffusion model,

dc
VPC: - Gp'd-r

®
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Figure 7. Particle number concentration profile for
stainless steel particles at Re = 15,700.

centration requires that V, increases linearly with r. This is
consistent with the results shown in Figure 8, in that the flux
of particles to the wall can be estimated as the product of the
values of V¥, and C obtained by extrapolating the Gaussian
curve in Figure 7 and the straight line in Figure 8 to the wall.

The next to last bin in Figure 7 is centered at y* =30 and
the one closest to the wall at y* = 10. The sharp change in the
concentration levels in these two bins could reflect a decrease
in the effective turbulent diffusion coefficient, which in turn
requires an increase in the concentration gradients. The flux
at y* <30 should be roughly the same as at y* =30, so that
the sharp increase in the measured ¥, close to the wall, in
Figure 8, is consistent with the sharp decrease in C.

Interpretation

An analysis presented by Hinze (1959) suggests that the
equation of motion of the particles considered in this study
can be represented as:

dve_
dt

Here vy and vp are the radial components of the particle and
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Figure 6. Radial direction average particle velocity pro-
file for glass spheres at Re=70,800.
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Figure 8. Radial-direction, average particle velocity pro-
file for stainless steel particles at Re = 15,700.
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fluid velocity fluctuations, and § is a reciprocal time constant
which is defined as:

1
=3

3Cp

=B = Rer, M

2d3? (22241
OF

when made dimensionless with wall parameters. In this equa-
tion, Re; is a particle Reynolds number defined using d» and
U7, the terminal velocity of a particle settling in an infinite
fluid. For a Stokesian resistance, Cp, =24/Re; and Eq. 7 sim-
plifies to:

1 36
S=— ®
d;2<23’3+ 1>
Pr

From Eq. 6 it is seen that the ability of particles to follow
turbulent velocity fluctuations varies inversely with 7*. The
increased tendency toward trapping with increasing particle
density (increasing 7) seems consistent with the notion that
particles remain close to the wall because of their poor ability
to respond to fluid velocity fluctuations which would move
them away from the wall. However, the increasing tendency
toward trapping with decreasing Reynolds number (decreasing
7") contradicts this interpretation. In fact, the small 7% as-
sociated with the experiments where trapping of glass spheres
was observed suggests that these particles should be responding
to turbulent velocity fluctuations close to the wall.

These considerations support the viewpoint that trapping
could occur as a result of particle movement toward the wall
associated with Saffman lift forces (Saffman, 1965, 1968). The
derivation of Saffman predicts a time-averaged net force on

particles of
—  6.46 /dU z
Fyn= > (r5) a—y%ResPFVz

if the particles are far from a boundary, if di~/dUF /dy™ is

a small number and if di~/dU} /dy* >> Re. This gives a force
toward the wall if U, is positive and a force away from the
wall if Uy is negative. If the fluid resistance may be assumed
to be represented by the Stokes law, this lift force can be
pictured as causing a drift velocity toward the wall given by:

. 646 /dU‘L
Vlift=m dyf Reg

Brenner (1961) and Maude (1961) have independently con-
sidered the steady motion of spheres toward, away from, and
parallel to plane surfaces. The results for spheres moving par-
allel to the wall are given by Egs. 2 and 3. For flow normal
to a plane, Maude gives the drag force on a sphere as:

®

(10)

FDL=6C_L7F[L"1>(UP— UF) (11)
-1
cl=[1—9ff} (12)
8 yp
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It is noted that as the ratio of the distance from the wall y,
to the particle radius rp decreases, the lift force toward the
wall will be opposed by a larger resistance than predicted by
Stokes law. This would have the net effect of decreasing the
drift velocity. Furthermore, this increase in fluid drag would
tend to enhance the ability of the particles to follow the fluid
velocity fluctuations. Equation 12 is plotted in Figure 9 as a
dashed curve. Cox and Brenner (1967) have shown that Eq.
12 is not valid for very small y»/rp. Their calculations are shown
by the points in Figure 9. The solid curve, which represents a
combination of Eq. 12 and the results of Cox and Brenner,
was used for our calculations.

Equation 10 can be modified in the following manner to
take account of the effect of the wall on drag:

| _ 646 [dU} Re;
MTrC N Ayt G

where Re; is defined in terms of the free-fall velocity Uy in
the absence of a wall. Equation 13 is consistent with the ob-
servation of an increase in particle trapping with an increase
in particle density (or Re;). To understand the influence of
fluid flow rate it is necessary to consider C, and C,,.

It is noted that dUZ /dy* =1 for y+ <5, that it decreases
to 0.5 at y* =12 and to 0.08 at y* =30. Consequently, from
Eq. 13, it is expected that V}}; will become small if the particles
are located much beyond y* =12. From Eq. 13 it is noted that
if C, =1and C,, =1, the drift velocity assumes its largest value
at yp <5. For increasing flow rate, r7 increases so that at
y# = 5theratio rp/ypincreases. This has the effect of decreasing
the maximum Vj, so that an increase in liquid flow rate de-
creases the tendency for particle trapping.

Equation 13 is consistent with observations regarding the
trapping but it does not seem to explain the location of en-
trapped particles at a distance of approximately one particle
diameter. This is associated most likely with a lift force away
from wall that results from inhibition of fluid displacement
when the particle is close to the wall. This was discovered by
Cox and Hsu (1977) and Vasseur and Cox (1977) in their
analysis of particles sedimenting in a stationary fluid. These
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Figure 9. Correction factor for drag on particles moving

perpendicular to a wall.
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results have recently been confirmed experimentally by Che-
rukat and McLaughlin (1990). This wall-induced lift gives rise
to a particle drift away from the wall at very small distances
from the wall and decreases to zero for large (y»/dp)Res in
the following way:

Vwall: _3VrP/8y%’ (14)

where v is the kinematic viscosity. As given by Vasseur and
Cox (1977), this effect can be represented as:

3
Vit = — g 1<Zf Res>, (15

where 7 is a tabulated function with values of 7/2 and of
(n/8) (yp/dp)?Rék for large and small values (y/dp)Res. Equa-
tion 14, therefore, assumes the values of
Vear= — (3/64)ResUs (16)
at very small distances from the wall and of
Vear = —30rs/8y% a7
at large distances.

The maximum value of this wall imposed drift is obtained
where dUf /dy* =1 and

3\ Re;Ur
Ve = — | — 18
wall <64> Cf} ( )

if the effect of the wall on the terminal velocity is taken into
account. By equating Eqgs. 18 and 13:

Cll
Ui =3.66— 19
r=3.664" (19)

This defines a value of dp/yp at which the Saffman lift force
equals the wall-imposed force.

Values of y»/dp calculated in this way are presented in Table
1. The value of the slip velocity Us corrected for wall effects
obtained in these calculations is (U/C,;)=0.43 cm/s. The
agreement is as good as could be expected, considering the
accuracy of the calculation.

The value of Re; for the data in Table 1 is 0.86. However,
when corrected for the influence of the wall, a value of
Reg=10.47 is obtained. Therefore, the requirement of the Saff-
man calculation that Reg is small and that dp«/dUZ /dy* > Res
seems to be met. However, calculated results in Table 1 give
ye/rp=1.3-1.8 and do not meet the requirement that y,>>rp
in the Vasseur-Cox result on wall-induced lift. Furthermore,
since the Saffman analysis is for an unbounded fluid, it is
tacitly assumed in the analysis that the effect of a boundary
on his result is taken into account by using the Vasseur-Cox
result.

Calculations of Lift Velocities

Calculations based on the interpretation presented in the
preceding section are not as accurate as would be desired be-
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cause of limitations of present theories. Nevertheless, an at-
tempt is made in this section to calculate the net drift velocity
toward the wall for conditions considered in Figurz 4 and Table
2. .

The condition for Eq. 13 that di~/dU; /dy™ > Re; is not
met if y7 is too large. Therefore, a recent analysis by Mc-
Laughlin (1989) that eliminates this requirement is used. Equa-
tion 13 is thus written as:

ye 646 dU; Rer J 20)
= 10xC N dyt Cy, 2.255

Here J is a function of the ratio e= (dp~N/ dU: /dy*)/ (Rey/
C,;) given by McLaughlin. It is equal to 2.255 for large e,
decreases to 1.686 for e=1.0 and to 0.118 for ¢:=0.3.

From Eq. 14 the wall-induced lift could be represented as:

. (3 Rér | 8I(Re)
wall = = (a)d;dll:ﬂ_ R€12 } (21)

where Re,= (yp/dp) (Res) is a Reynolds number based on the
distance of the particle from the wall and 7(Re,) is the function
defined in Eq. 15.

The net drift velocity toward the wall is therefore calculated
as:

VcTriﬂ = VlTﬂ + V;a“ (22)

and is plotted in Figures 10 and 11. According to Saffman’s
theory the V., would depend only on Re; and G* = gv/v*>.
However, when the dependence of the drift velocity on e is
taken into account, an additional dependence on d/ and hence,
the pipe Reynolds number Re is introduced. It is noted, con-
sistent with the discussion presented in the previous section,
that the net average drift toward the wall vanishes at a finite
y*. Also plotted in Figures 10 and 11 are values of the root
mean square of the turbulent velocity component normal to
the wall, obtained from the thesis of Lyons (1989). Since the
fluid turbulence mixes the particles, the relative importance of
the drift can be determined by comparing its value with the
magnitude of the turbulent velocity fluctuations.

The case for which trapping was the strongest was for ex-
periments with stainless steel spheres at a Reynolds number of
16,200. The calculated net drift velocity is larger than the
turbulence velocity for 1.2 <y# < 6.3, and the net drift velocity
is zero at y; = 1.2. It is noted that particles located at y; =1.2
will experience a drift velocity larger than the turbulence ve-
locity if they are displaced slightly in the direction of positive
y* and a turbulence velocity larger than the drift if displaced
in the direction of negative y5. This suggests that particles
located at y7 = 1.2 will experience restoring forces if they are
displaced slightly in either direction. This type of behavior is
also calculated for four other conditions at which trapping
was observed: stainless steel spheres at Re=26,100; glass
spheres at Re= 16,200, 18,900, and 22,000.

The calculated results for stainless steel spheres at Re = 72,900
show that vanishing of the calculated net drift velocity at
yi =3.8 is of no consequence, since the magnitude of the
turbulent fluctuations are so large compared to the drift ve-
locity that they will keep the particles mixed. This is consistent
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Figure 10. Calculated drift velocity toward the wall for
stainless steel particles.

with the experimental observation that there was no tendency
for particles to be trapped at the wall under these conditions.

Discussion

Particles contained in a downwardly flowing turbulent fluid
have been observed to be trapped, under certain conditions,
in the slowly moving fluid close to the wall at a distance of
about one particle diameter. The trapped particles form neck-
laces with spanwise spacing equal to the spacing of low-speed
streaks observed close to a wall. The phenomenon has been
observed to occur with extremely dilute suspensions so it cannot
be associated with particle-particle interactions.

This observation can be interpreted as occurring when the
drift velocity toward the wall caused by the Saffman lift force
dominates the mixing associated with fluid turbulence. The
experimental study of Cherukat and McLaughlin and the the-
oretical study of Vasseur and Cox show that when a particle
is moving parallel to the wall at very small distances, the in-
hibition of fluid displacement by the wall causes a force on
the particle away from the wall. It is argued that the particles
tend to be located at a distance from the wall where the Saffman
lift force is just balanced by the force due to fluid displacement.

This interpretation of the experimental results is not firmly
established because of limitations of present theoretical anal-
yses. The Saffman lift force was derived for a particle in a
fluid of infinite extent, and the fluid displacement force was
derived for the case of a particle sedimenting in a fluid of zero
velocity. The addition of these two forces to obtain Eqs. 18
and 21 is an approximation that would not be needed if the
analysis of Saffman were extended to include the effect of the
wall. Furthermore, because the analysis of Vasseur and Cox
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Figure 11. Calculated drift velocities toward the wall for
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assumes Re,> Reg, some numerical inaccuracy is introduced in
using their result.
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Notation
C = concentration of particles
Cp, = drag coefficient
C, = correction on drag perpendicular to a wall due to the wall
proximity
C,, = correction on drag parallel to a wall due to the wall proximity
dp = particle diameter
F,, = drag force perpendicular to a wall
Fp,, = drag force parallel to a wall
Fi = Saffman lift force
I = function in Eq. 14 associated with wall-induced lift
J = function in Eq. 16 associated with McLaughlin correction to
Saffman lift force
r = radial coordinate
R = pipe radius
rp = particle radius
Re = Reynolds number based on pipe diameter and bulk fluid ve-
locity
Re, = Reynolds number based on slip velocity and distance of a
particle from the wall
Reg = Reynolds number based on slip velocity and particle diameter
Rer = Reynolds number based on terminal velocity and particle
diameter
t = time
u* = friction velocity
VYol. 37, No. 10 1535



U, = mean particle velocity in the mean flow direction

U; = terminal velocity of a particle in stationary fluid

Ur = mean fluid velocity in the axial direction

Us; = mean slip velocity of particle

Vp = mean particle velocity in the radial direction

Vin = drift velocity toward the wall caused by Saffman lift force
Vian = drift velocity toward the wall associated with wall-induced

force

vp = fluctuating particle velocity in the radial direction

v = fluctuating fluid velocity in the radial direction

y = distance from the wall

yp = distance of the center of a particle from the wall

Greek letters

8 = coefficient appearing in the particle equation of motion

e = ((dUg/dy)»)"*/Us

ep = particle diffusion coefficient

u = fluid dynamic viscosity

y = fluid kinematic viscosity
por = fluid density
pp = particle density _

7 = particle time constant equal to '

Superscript
+ = madedimensionless using friction velocity and fluid kinematic

viscosity
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